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Abstract 

The asymptotic formula of the number of integral points in non-compact symmetric 
homogeneous spaces of semi-simple simply connected algebraic groups is given by the 
average of the product of the number of local solutions twisted by the Brauer-Manin 
obstruction. The similar result is also true for homogeneous spaces of reductive groups 
with some restriction. As application, we will give the explicit asymptotic formulae 
of the number of integral points of certain norm equations and explain that the 
asymptotic formula of the number of integral points in Theorem 1.1 of [5] is equal to 
the product of local integral solutions over all primes and answer a question raised by 
Borovoi related to the example 6.3 in [3J. 
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1. Introduction 

The Hardy-Littlewood circle method is the classical method for counting integral 
points. Once this method can be applied, the asymptotic formula of the number of 
integral points will be given by the product of the number of local solutions and the 
local-global principle will be true (see [25] ). However, the local-global principle can 
not be held in general. Recently, the existence of the integral points with Brauer- 
Manin obstruction on various homogeneous spaces has been studied extensively in 
[3], [5], [5J, [33], [33] and [2]. It is natural to ask how the asymptotic formula of 
the number of integral solutions will be related to Brauer-Manin obstruction for such 
homogeneous spaces. Indeed, such problem has already been studied by Borovoi and 
Rudnick in [3J for homogeneous spaces of semi-simple groups, where they measured 
the difference between the number of integral solutions and that of Hardy-Littlewood 
expectation by introducing so called the density functions. These density functions 
were described by using Kottwitz invariant in 3 . This paper can be regarded as 
the continuation of [3J. More precisely, we show that the asymptotic formula of the 
integral solutions will be given by the average of the product of local solutions twisted 
by the Brauer-Manin obstruction. 

Notation and terminology are standard if not explained. Let F be a number field, 
of be the ring of integers of F, tip be the set of all primes in F and oof be the set 
all infinite primes in F. We use v < oop to denote the finite primes of F. Let F v be 
the completion of F at v and Of v be the local completion of of at v for each v £ ftp- 
Write op v — F v for v G oop. For any finite subset S of Qf containing oop, the 
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5-integers are defined to be elements in F which are integral outside S and denoted 
by 05. We also denote the adeles of F by Ap and ideles of F by Ip = G m (Ap) and 

Fqo = YivEocF 

Let G be a connected reductive linear algebraic group and X be a separated scheme 
of finite type over op whose generic fiber 

X = Xx OF F = H\G 

is a right homogeneous space of G, where H is the stabilizer of the fixed point P € 
X(F). The map induced by the fixed point P is denoted by 

p : G — >X (1.1) 

The obvious necessary condition for "K(op) ^ is 

nx( on )^0 (1.2) 

u6f! F 

which is assumed throughout this paper. By the separatedness, one can naturally 
regard X(of„) as an open and compact subset of X(F V ) with w-adic topology for 
v < cop. Since we will count the integral points by using the coordinates, we also 
assume that X is affine and fix the closed immersion 

X Spec(F[xi, • • • , x n ]). (1.3) 

By Matsushima's criterion (see Theorem 4.17 in §4 of [22]), the assumption (|1.3[) is 
equivalent to say that H is reductive as well. For simplicity, we will also assume that 
H is connected. Therefore any point in X(E) can be regarded as a point in E n under 
the closed immersion (|1.3[) for any F-algebra E. A point x <G X(F) can be written as 
x = (zi, ■ ■ ■ , z n ) E F n . Then one can define 

\x\oof = max max { IzjL}. 

dEoof l<i<n 

For T > 0, one can set 

N(X, T) = %{x e X(o F ) : |xU F < T} 

and 

X(F 00 ,T) = {xeX(F 00 ): \x\oo F < T}. 
Since X admits a unique G-invariant gauge form ujx up to a scalar and uix matches 
with the gauge forms cjh of H and ooq of G algebraically in sense of §2.4 (P.24) in 
[33], the associated Tamagawa measures on X(Ap), H(Ap) and G(Ap) (see Chapter 
II in [33]) are denoted by 

dx = J\ da, v H = Yi Vv and ^ G = II ^ v 

respectively. 

Let Br(X) — H^ t (X,G m ). We would like to write the Brauer-Manin paring (see 
[2 9) ) in multiplicative way 

X(A F ) x Br(X) — > Moo = hm/i„ C C x 

n 

where a(x«)'s are all roots of unity and a{x v ) = 1 for almost all v € by fixing the 
isomorphism 

Q/Z ^> Moo- 
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Then one can view any element in Br{X) as a locally constant C-value function on 
X{Ap). For any subset B of Br(X), one can define 

X(A F ) B = {(x v ) € X(A F ) : Y[ a ( x v) = 1 for al l a € B}. 

Definition 1.4. For any £ E Br(X), one can define 

N v (X,0 = f £d v 

JX(o Fl , ) 

for any v < oof and 

N OOF (X,T,0= f 
Jx 

for T > 0. 

The main result of this paper is the following the asymptotic formula. 

Theorem 1.5. If G is simply connected and almost F-simple such that G(F oa ) is not 
compact and X — H\G such that H is the group of fixed points of an involution of 
G, then 

AT(X,T)~ J2 ( II ^(X,£))-AW(X,T,0 

ie(Br(X)/Br(F)) v<oo F 

as T — > oo for any separated scheme X of finite type over op with X = Xx„ F F. 

For general reductive groups, one can have the similar result with certain restric- 
tion. One of the extreme situation is that G is an algebraic torus and X is the trivial 
torsor of G. Consider any character 

X- G(A F )/G(F)St(X)^C* and x = J[ Xv (1.6) 

v&Qf 

where 

St(X) - {g A G G(A F ) : ( [] X(o F J) ■ g k = JJ X(o F J} 
and Xw is induced by 

Xv : G(F„) -> G(A,)/G(F)St(X) ^> C x 

for any i; G fi F and Xi> = 1 for d £ coj?. Each x« also induces the locally constant 
function x v on X(F V ) by setting 

for any ie^ G X(F V ), where p is the map induced by (|l.ip . Set 



N«(X,x„) = / X,A 

for v < cop. 

Theorem 1.7. If G is an anisotropic torus and X is the trivial torsor of G, then 
iV(X,T)~-i-(]T n A^X.xJM^X^T)) 

as T — > co for any separated scheme X of finite type over op with X = X x OF F, 
where t(G) is the Tamagawa number of G and x runs over all characters in U.6}) . 
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The basic idea for proving Theorem 1 1.5 1 is to partition the orbits of the arithmetic 
group action in X(o F ) in proper way and apply the equi-distribution property de- 
veloped in [5], [7] and pQ. The paper is organized as follows. We first study various 
orbits of X(o F ) in Section [2] In order to obtain the similar result for general reduc- 
tive groups under the assumption that the map on the F— points induced by (|1.1[) is 
surjective, we establish the mass formulae associated the Brauer-Manin obstruction 
following from |36] in Section [3] Such mass formulae with characters are initial from 
|12) . [3T) and [26] . In Section 01 we prove our main theorems based on the results on 
previous sections and the equi-distribution property. As application, we first study 
the asymptotic formulae of the integral solutions for norm equations in Section [5] In 
Section [SI we will explain that the asymptotic formula in Theorem 1.1 of [5J can be 
given by the product of all local solutions and answer a question raised by Borovoi 
related to the example 6.3 in [3] . 



2. ORBITS 

Fix a finite subset S containing oo F satisfying that there are the group schemes G 
and H of finite type over 05 whose generic fibers are G and H respectively such that 

X S = Xx„, o s ~H\G 

and P G X(o Fu ) for all v G" S. For each v G S \ oo F , one can fix a group scheme Gt, 
of finite type over of v such that G„ x OF ^ F v — G Xp F v . 

Definition 2.1. For each v G f2 F , one defines 

(G(o Fv ) v<^S 
St(X(o Fv )) = < {g G G v (o Fv ) : X(o F J = X(ojO • g} veS\oo F 
[G(F V ) veoop 

Then St(X(oF v )) is an open subgroup of G(F V ) for each v G Qf and it is compact 
for v < 00 p- 

Lemma 2.2. The number of orbits 

[X(o F J/St(X(o F J)] 

is finite. 

Proof. If v G 00 f, then 

tt[X(o F J/^(X(o F J)] < iH\F v ,H) 

which is finite by Theorem 6.14 and Corollary 2 of Chapter 6 in |22) . 

For any x G X(o Fu ) with v < cop, the morphism induced by the point x 

f x : G^{x}x F G—^Xx F G^X 

is dominant and smooth. By Proposition 3.3 of Chapter 3 in [22], we have that f x is 
an open map over F v points. This implies that xS*t(X(o Fij )) is open in X(o Flj ). By 
compactness of X(o Fj; ), one concludes [X(o F „)/<S't(X(o Fl) ))] is finite. 

□ 

Define 

st(x.) = n st(x(o F j) 
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Then S't(X) is an open subgroup of G(A F ). We set 

X <r A :=( JJ X(o F J • a v ) C X(A F ) 
uen f 

for any a A = (& V ) V £Q F € G(A F ). In particular, 

x-i A = n x( 0F j. 

oeO F 

It is clear that cr^ 1 S't(X)(TA acts on X ■ a A . 
Corollary 2.3. The number of orbits 

X • CT A /cr^ 1 5i(X))(TA 

is finite. 

Proof. Write <ta = (ci>)i>6fi.F ■ There is a finite subset 5i 3 5 such that o\, € G(o Fu ) 
for all v $ Si. Then one has the component- wise bijection 

X • (TL/a-iStQQax <* [ J] X(o F J • ^"^(X^))^] x [ J] X(o F J/G(o F J]. 

For each v $ Si, one has the short exact sequence as pointed sets 

1 -> H(o F J -> G(o F J -> X(o F J -> F^(o F „,H). 

Since H is connected, one has H^ t (o Fv ,H.) = 1 by Hensel's Lemma and Lang's The- 
orem and |X(o F[1 )/G(o F[1 )| = 1 for v ^ Si. 
For each v £ Si, the map 

X(o Fi; ) • a v I er" 1 St(X.(o Fv ))a v —> X(o Fu )/5t(X(o Fu )); x n- a; • o-y 1 

is also bijective. The result follows from Lemma \2. 2 1 □ 

Definition 2.4. Let T = G(F) n S<(X). 

It is clear that F acts on X(o F ). 

Corollary 2.5. 77ie number of orbits X(o F )/r is finite. 

Proof. Since the natural map 

X(o F )/r — ► (Y[ X(o F J/5t(X(o F J)) x (J] X(o F J/G(o F J) 

ves vgs 

is injective, the result follows from Corollary 12.31 

□ 

Lemma 2.6. For any u A € G(A F ), i/ie natural map 

H(F)\H(A F )u A (a^St(X)a A )/(a^St(X)<j A ) 

^H(F)\H(A F )/[H(A F ) n ((uA^VffXjK^ 1 )- 1 )] 
6y sending h A u A to h A is bijective. 
Proof. It follows from the direct verification. 

□ 

Proposition 2.7. With the map U.l\) . the double coset decomposition 

H(F)\p-\X ■ t 7 A )/(aX 1 5t(X)a A ) 
is finite for any given o~ A G G(A F ). 
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Proof. Since the map p induces the bijection 

H(A F )\p- 1 (X • a A )/(a^St(X)a A ) S X • a A /(a^St(X.)a A ), 

one only needs to show that the further double coset decomposition for each piece 

F(F)\i/(A i ,) WA (aA 1 5t(X)a A )/(^ 1 5i(X)a A ) 

is finite by Corollary 12.31 

By Lemma 12.61 one only needs to show the finiteness of the following double coset 
decomposition 

H(F)\H(A F )/[H(A F ) n ((uxtr^Stpqiu^ 1 )- 1 )]. 
Indeed, the ^-component of 

H(A F ) n ((uaOS*( x )("aO _1 ) 
is an open subgroup of H(F V ). Moreover, it is equal to H{F V ) for v £ oo F and is equal 
to H(of„) for almost all v £ ft F . The result follows from Theorem 5.1 of Chapter 5 

in Eg. " □ 

Definition 2.8. For any x,y £ X(o F ), we define the equivalent relation over X(o F ) 

x ~ y x = y ■ s A 

for some s A £ St(X). The set of the equivalent classes is denoted by X(o F )/ ~- 
It is clear that 

t)(x( 0F )/ ~) < tt(x( OF )/r) < oo 

by Corollary 12.51 
Proposition 2.9. 

1) . If G is semi-simple and simply connected such that G'(Fao) is not compact for 
any simple factor of G, then the diagonal map 

X(o F )/~ A (X-l A ) Br ^/St(X) 

is bijective. 

2) . If the map G(F) — > X(F) in hl.l\) is surjective, there is a bijection 

X(o F )/ ~ ^ i/(A F )\(p- 1 (X ■ 1 A )) n (H(A F )G(F)St(X))/St(X) 

Proof. 

1) . Since St(X) acts on (X • l A ) Br(x) by Corollary 3.6 in [2 , it is clear that the 
diagonal map is injective. Since any orbit of St(X) is open by the proof of Lemma 
12.21 there is an integral point in X(o F ) for any orbit of St(X) inside (X • l A ) Brt ' XS> by 
the proof of Theorem 3.7 (b) in (J- This implies that the diagonal map is surjective. 

2) . For any element H(A F )u A St(X) in the right side, there are g £ G(F), h A £ H(A F ) 
and s A £ St(X) such that u A — h A ■ g • s A . Then P ■ g ■ s A £ X ■ l A . Therefore 
P ■ g £ X(o F ). One can define the map 

4> : H(A F )u A St(X) i y [P-g] 

For the different choices of g' £ G(F), h' A £ H(A F ) and s' A £ St(X), one has 

P-g~p. g>. 

Therefore <j> is well-defined and injective. Since the map G(F) A X(F) in (jl.ip is 
surjective, one can verify directly that <p is bijective. □ 
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Write 

X(of) = \J(X(o F )nxiSt{X.)) (2.10) 

i 

with Xi G X(oi?). For 

y, z G X(ojr) n cCjS'f(X), 
we can define the further equivalent relation ^ G on X(of) H XjS't(X) as follows 

y- G z <=> y = z- g 

if there is g G G(F). 

The following result is proved implicitly in the proof of Theorem 4.2 in [3], For 
convenience, we will provide the proof as well. 

Proposition 2.11. 

ft{Jt(o F )nxiStpL))/ ~ G ) <ftker(H l (F,H) ^ J] H\F V ,H))). 

If G is semi-simple and simply connected and G'^F^) is not compact for any simple 
factor G' of G, then the equality holds. 

Proof. Since the exact sequence 

1 ->■ H(F) -> G(F) -> X(F) A H^F^H) -> H\F,G) 

by Galois cohomology (see Chapter I, §5.4 Proposition 36 in [17]), one has that 6(xi) 
is an 7J-torsor over F. Since the twisting of H by 6(xi) in sense of [37] is the stabilizer 
H Xi of Xi in G by the direct computation, one has the following commutative diagram 

H l {F,H Xi ) — H^F.H) 

o[xi] 



liven, H^H^) U v en F H^H) 

where the neutral element in H 1 (F, H Xi ) will be sent to 8{xi) in H 1 (F, H) by Chapter 
I, §5.3 Proposition 35 in [27]. Therefore 

tt((X(ojr)nSi5t(X))/ ~ G )<tt(fcer(ff 1 (^,fl'x i )-»' JJ H \ F v> H ^))) 

and 

^{keriH^F.H)^ JJ H l {F v ,H))) = $(ker{H l {F, H Xi ) -> JJ H l (F v ,H Xi ))) 

by the functoriality of Galois cohomology and the above diagram. 

If G is semi-simple and simply connected and G'^oo) is not compact for any simple 
factor G' of G, then G(Ap) = St(X)G(F) by the strong approximation for G (see 
Theorem 7.12 of Chapter 7 in [22]). Let 

teker(H l (F,H Xi )^ J] H l {F v ,H Xi )). 

By the Hasse principle for G, one obtains a; G X(F) such that J(x) = £ and x = Xi-g& 
with G G(Ap). There are sa G Sf (X) and c G G(F) such that = sac. Therefore 

a; • cr _1 = Xj ■ sa G X.(op) n XjS't(X) 

and 5(a; • o-- 1 ) = <5(.t) = □ 
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One can further decompose 

X( 0F ) n Xi St(X) = \J(yfG(F) n XiSt(X)) = \J(yf G(F) n yf St{X)) 

i j 

with yf <E X(o F ). The following proposition is essentially the same as Lemma 4.4.1 
(i) in 3 , which is originally from [3Tj . 

Proposition 2.12. With the above notation, there is a bisection 
(yf G(F) n yf St{X))/Y ^ ff ij (F)\(£T ij -(A i r) n G(F)St(X))/(H ij (A F ) n St(X)) 

where Hij is the stabilizer of yf . 

In particular, if the map G(F) A- X(F) in U.l\) is surjective, then there is a 
bijection 

X(o F ) n XiSt(X)/T H(F)\(H(A F ) n G(F)St{X)a^)/(H(A F ) n o^X)^ 1 ) 
where <Ji € G(F) such that P ■ o~i — Xj . 
Proof. Since 

areyf G(F)nyf St(X) x = yf ■ g = yf ■ a K 
with g G G(F) and sa € St(X), one has that 

35a 1 e ffy(Af)nG(i?)ffi(X). 
One can verify directly the map 

.t h+ H l] (F)gsl 1 (H lJ (A F ) n St(X)) 
is well-defined and induces the map 

(j/f G(F) n y«St(X))/r A tfy(F)\(i^(A F ) n G(F)5t(X))/(fly(A F ) n St(X)) 

which is well-defined as well. 
If 

Hi^gs^iHi^Ap) n St(X)) = ^(F^V^CH^Ap) n St(X)), 
there is ft € Zf-y(F) and £ e H tj (A F ) n £f(X) such that gs^ 1 = hg's'^ 1 ^. Then 

5 ft .9 = s A £ S A G r. 

This implies that is injective. It is clear that </> is surjective. 
Suppose the map G(F) A- X(F) in is surjective. Then 

yfG{F) n 2/f St(X) = X(F) n yf Si(X) = X(F) n ir 4 Si(X) = X(o F ) n ^(X) 
and the result follows from applying the conjugation isomorphism given by <Tj. □ 
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3. MASS FORMULAE ASSOCIATED TO ELEMENTS OF BRAUER GROUPS 

In this section, we will establish the mass formulae associated the Brauer-Manin 
obstruction following from |36) . Such mass formulae with characters are initial from 
[12] , [31] and [26] . We will keep the same notations as those in Section [T] and Section 
[5] and further assume that both G and H have no non-trivial F-characters. Then the 
Tamagawa numbers of G and H will be given by 



t(H) = [ u H and t(G) = [ A, 

Jh(F)\H(A f ) Jg 



G 



I(F)\H(A F ) J G(F)\G(A[ 

respectively (see [H]). Define 

m(X • a A ) := VoOF ((H(F) n K 1 S , i(X)a A ))\i/(^ 00 )) 

and 

M(X • <r A ) := A COF ((G(F) n ( ( x- 1 > 5'i(X) ( 7 A ))\G(F 0O )). 

Then both m(X • ct a ) and M(X • o~ A ) are finite by Theorem 4.17 in [22] since both G 
and H have no non-trivial F-characters. 
Denote 

[G,X] := G(F)[G(A F ),G(A F )]Si(X) and s(X) := [G(A F ) : [G,X]]. 
By Theorem 5.1 of Chapter 5 in [22], the index s(X) is finite. 
Definition 3.1. For any given cr A S G(A f ), we define 

R(X-a A ) ^J^MpC-o^ 1 ) 

7a 

where 7 A runs over the double cosets G(F)\[G ,~X]/ o]^ 1 St(X.)o A and 



"(X • cr A ) := m(X ■ cta7a 



7A 

where 7 A runs over the double coset decomposition 

i/( J F)\ p - 1 (x • <r A ) n [cxiK-'SifX)^. 

Lemma 3.2. For any cr A G G(A f ), one /las 

i?(X • 1 A ) = i?(X • a A ) = 4|t TT A v(^(X(ofJ))- X . 

s(X) - LJ - 

i;<oop 

Proof. Write the coset decomposition 



s(X) 

G(A F ) = |J [G,X]Ti. 



Then 

s(X 



r(G) = £ / Xg — s(X) / 



^G • 



i=1 JG(F)\[G,X|T( JG(F)\[G,X] 

Consider the double coset decomposition 

[G,X] = UG(F)7A^ 1 5t(X)a A . 

Then 
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Jg{F)\[G,X] 7a JG(f)\G(F) 7A( r- 1 St(X)<T A7 - 1 

Since one has the following fundamental domain 

G(^)\G(^) 7A ^ 1 ^(X)a & 7l 1 
^((G(F)n( 7A a^St(X)a k7 ^ 1 ))\G(F 00 ))x( ]J lv a^ St{?L{o Fv ))a vl ^) 

where a a = (cr v ) and 7a = (7v)j one obtains that 

/ A G = M(X • (7A7I 1 ) TT A„(St(X(o F J)) 

iG(f)\G(F) 7A a A St(X) CT - 1 7A " 1 „ <OOJi , 

by Theorem 5.5 in Chapter 5 of [22] and the assumption that G has no non-trivial 
.F-characters. Combining the above together, one completes the proof. □ 

The following proposition gives the arithmetic interpretation about r(X -1a). 

Proposition 3.3. If [G, X] = G(F)St(X) and the map G(F) 4 X(F) in fOP is 
surjective, then 

r(X • 1 A )= 5>(X • rri) 

i 

where 

x (of) = [J Vi ' r a^rf P -Ti = y l 

i 

forn G G(F). 

Proof. Since the natural map 

H(F)\p- x (K • 1 A ) n [G,X]/St(X) -> ff(A F )\p- 1 (X • 1 A ) n ( J ff(A F )[G,X])/5t(X) 
is surjective and the fiber of an element 

H(A F )TSt(X) with r G G(F) and P ■ r G X(o F ) 

is given by 

H{F)\{H{A F )rSt{X) n G(F)St(X))/St(X) 

^H(F)\(H(A F ) n G(F)St(X)T -1 )/(.ff(A F ) n r5t(X)r- 1 ) 

by Lemma l2~rJI the result follows from PropEH 2) and Prop |2~T2l □ 

The assumption that [G,X] = G(F)St(X) will be satisfied if any simple factor of 
semi-simple part of G is not compact by Theorem 7.28 in [5]- Let 

h(K) := [H(A F ) : H(A F ) n [G,X]]. 

Proposition 3.4. // 

p-^X • a A ) = |J # (A F )u A ( ( 7- 1 ^(X) ( 7 A ) 
/or o"a G G(A F ), t/ien 

Kx-^) = ^£( II ".(if^.lnK^'^xf^))^- 1 ))- 1 ) 

n A -U<OO.F 

where it a = (w-u) runs over i/ie a&oue double coset decomposition satisfying u A G 
#(A F )[G,X]. 
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Proof. The contribution of each piece H(A F )u A (o~ A 1 St(X.)a A ) to r(X • o~ A ) is given 

by 

g:= ^ TO (X-CTA7l 1 ) 

7a 

where 7a runs over the double coset decomposition 

H(F)\H(A F )u A (a A - 1 St(X.)a A )/a A 1 St(X.)a k and 7a g[G,X]. 
By Lemma \2. 61 one has 

9 = J^m(X- ctau^Ta" 1 ) 

7a 

where 7a runs over the double coset decomposition 

H(F)\(H(A F )nul 1 [G,X.])/(H(A F )n((u A a^ 1 )St(X)(u A( jl 1 )- 1 )) 

and 

.9 7^0 & u A G H(k F )[G,X]. 
For any 7 a G H(A f ), one has the following fundamental domain 

H(F)\H(F)(H(A F ) n (7AU A <T^ 1 5t(X) C r A ^ 1 7 A " 1 )) 

n ( 7 AW A( 7- 1 ^(X)a A ^ 1 7A 1 ))\ J ff(i ;, oo)) 
x [J (F(F„) n (7 V U V (T v 1 St(X(o Fnj ))a v u v l j v 1 )) 

V<OOp 

where a A = (o"t>), « A = («») and 7 A = ( 7l) ). Then 

m(X ■ fiAii-^- 1 ) =v H (H(F)\H(F)(H(A F ) n (t^ao-a 1 ^*) ^^ 1 )) 

• JJ ^( J ff(^)n(7^„a- 1 5i(X(o F J)a 1)M - 1 7l 7 1 ))~ 1 

=u h (H(F)\H(F)j a (H(A f ) n (ua^I^^X)^^ 1 )) 

• JJ !/„(JI(F 1; )nKc7- 1 < S't(X(o i ,J)a t) u- 1 ))- 1 . 

Therefore 

,g =v H (H(F)\(H(A F ) n uX x [G,X])) J] v v (H(F v ) n (^a^S^X^JKu,; 1 ))- 1 
r(ff) 



J] ^(-ff(^) n (u o-- 1 5t(X(ojpJ)o- w u7 1 ))- 1 



and the proof is complete. 



Corollary 3.5. for any <t a € G(A F ) and r A 6 if(A F )[G, X], one ftas 

r(X ■ <j A ) = r(X • o- a t a ). 

iYoo/. If 

p-^X • <7 A ) = |jH(A F ) UA ((7X 1 5t(X) CTA ) ) 

then 

p _1 (X • a A r A ) = (Ji/(A F )uATA((o- A T A )~ 1 S't(X)o- A rA). 

Since 

u A eff(A F )[G,X] «■ u a t a G i7(A F )[G, X], 



□ 
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one obtains the result by replacing u A with u a t a and <7a with er&r& in Prop. 13.41 □ 
Let 

X- G(A F )/H{A F )[G,X\^C X (3.6) 

be a character. Then 

x = n Xv 

v£Q F 

where Xv is induced by 

Xv : G(F V ) -> G(A F )/H(A F )[G, X] ^> C x 

for any i> S JIf and Xv = 1 for u G oo;?. Moreover, each x„ also induces the locally 
constant function x v on X(i ? t ,) by setting 

Xv( x v) = Xv(p^ 1 (x v )) 

for any x v € X(F-u), where p is the map induced by (11.11) . This is well-defined 
since Xv is trivial over H{F V ). 
Define 

JV«(X,xJ = / X v d v 
ix(o F j 

for w < oo F . One can establish the mass formula associated to x- 
Theorem 3.7. For any x in i3.6\) . one has 

u A 6G(A F )/H(A F )[G,X] \ / V / t,<oo F 

Proof. By Corollarv l3.5l the left hand side is well-defined. Let 

p- 1 (X-l A ) = \jH(A F )u A St(X). 

ma 

Then 

p-\X ■ a A J ) = \JH(A F )u A a^(a A St(X)a^) 

UA 

and 

KX-a A 1 ) = J^^( J] ^(ff^jflKSfc))^ 1 ))- 1 ) 

with uac^ 1 £ i/(Ai?)[G, X] by Prop l3.4l Since the measures 

dx = J\ dv > v a= Yl Vv and A G = ]Q A„ 

match together, one has 

XviuvStpLiopJ)^ 1 ) = d v (P ■ (uvStiTLioF^u- 1 )) ■ v v {H{F v ) n KSi(X(oFj)0) 
for w < oof- Therefore 

y v {H{F v ) n K^^X^fJX 1 ))" 1 = d„(P • u v St(X(o Fv ))) • A^X^,)))" 1 
for v < oop. This implies that 



COUNTING INTEGRAL POINTS IN CERTAIN HOMOGENEOUS SPACES 



13 



by Lemma T3. 21 with u& € H(Af)[G,X]o-&. One concludes that 

£ *»> ■ - <x ■ ^ - ^Msi fl(x ■ u) n / x( „ , 

<T A eG(A F )/if(A F )[G,X] \ J \ J v<oo F JX -(°* , «) 

and the proof is complete. □ 
Corollary 3.8. 

r(X-l A ) = I^ii(X-l A )^( JJ 7V„(X,xJ) 

where x runs over all characters in US. 6\) . 
Proof. It follows from 

[G(A F ) : H(A F )[G,X}} - s(X) 



MX) 
and 

Y xK) = | [G(Af) : - ff ( A ^)t G ' X ]] if ct a e ff(A F )[G,X] 

" I otherwise 

where x runs over all characters in p.6[) . □ 

The immediate application of the above result is to test the existence of the integral 
points on X. 

Corollary 3.9. // [G,X] = G(F)St(X) and the map G(F) A X(F) in gUP is 
surjective, then 

X(o F )^0 {(x v )e JJ x (°iO : II Xvi^v) = 1, Vx in iD} ^ 0- 

t;<oo F i?<oo F 

Proof. By Proposition 13. 31 one has 

X(o F )=0 «. r(X-l A ) = 0. 

Therefore 

X(o F )=0 £ J] N v (X,x v )=0 

X v<oo F 

by Corollary 13.81 Decompose 

JJ X{o Fv ) = D Q UD 1 U---UDi 

as disjoint closed subsets such that x\o t is constant for all x with < i < I and 
D Q = {(x v )e JJ X(o F J: JJ x,(^) = 1, V X in (ESI}. 

For any i ^ 0, there is x hi (13.60 such that x(^i) 1- This implies that 



E / Xdx = (£x(Di)) I d x =0. 



Therefore 

e n f 4*. 

X v<oo F y ' J u ° 

One concludes that 



X(o F ) = ^ / rfx = 0. 

I D 
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Since -Do is an open compact subset of Il t )<oo F -^-(°iO> one nas 

f d x =0 & D = 

J D 

and the proof is complete. □ 

To conclude this section, we will point out that all characters in (I3.6[) can be 
interpreted as the elements in Br(X). Indeed, one can view \ as an element £ in 
Br(X) satisfying 

£(xa ■ s A ) = f (sea) 

for all xa G X(Ap) and sa € St(X) by Theorem 8.2 in [5], Theorem 2.8 and Corollary 
3.5 in [2j. 



4. Counting the integral points via equi-distribution 

We keep the same notation as that in the previous sections. 

Lemma 4.1. Suppose X = H\G where both G and H are the connected reduc- 
tive groups without non-trivial characters over F. For any finite subgroup B of 
Br(X)/Br(F), one has 

E( n / / e<w)=p? / d x 

where 

( JJ X(o n )xX(F OOJ T)) 1, = ( JJ X(o F J xX(F 00 ,T))n(X-l A ) B 

and X is a separated scheme of finite type over of such that X x OF F = X. 

Proof. Since G and H have no non-trivial F-characters, one concludes that the infinite 
product in the above lemma is convergent. Decompose 

{J X(ojpJ xX(F oc ,T) = |Jx i 

as a finite disjoint union such that all Xj's are all closed and £ takes the constant 
value on Xi for all £ G 

If there is £ € £? such that £ does not take the trivial value on Xi , then 

E / = (E ^^)) / ^ = 

and the proof is complete. □ 
We further assume the following equi-distribution property 

\{y e x • r : | y U < t} ~ ^lowl^ ^ {x ' G(i?oo) n Wo °' T)) (4 ' 2) 

as T -> oo, where is the stabilizer of x in G, r# x = H X {F) n T and v x ,oo F is 
the induced Tamagawa measure over iJ^. This assumption has been proved in the 
following various situations. 

1). G is an anisotropic torus and X is a trivial torsor of G. The proof is exactly 
similar to the proof of Dirichlet Unit Theorem, which is given in [25] (see also Theorem 
5.12 in 1221). 
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2) . G is simply connected, almost F-simple, G(F oa ) is not compact and X is 
symmetric. Such result was first proved in [5J, soon simplified in [7] over Q and 
extended to general number fields in pQ. 

3) . H is a maximal proper connected reductive group over Q. Such result was 
proved in [8], which extends the result in [6] and [7] over Q. 

Theorem 4.3. Suppose X — H\G where G is semi-simple and simply connected and 
G'{Foo) is not compact for any non-trivial simple factor G' of G and H is connected 
reductive without non-trivial F '-characters. Then 

ie(Br(X)/Br(F)) v<ca F 

as T — » oo under the assumption where X is a separated scheme of finite type 

over op such that Xx 0f ,f = I. 

Proof. Decompose 

X( 0F ) =\J(X(o F )nxiSt(X)) 

i 

with xi E X(op) and 

X( 0F ) n ^(X) = \J(yf>G(F) n ^(X)) = |J(yf n yf St(X)) 

with yj € X(oi?) and 

yf ) G(F)nx i St(K) = \j4' j) T 

k 

with 4 <J) e X(o F ). Therefore 

7V(x, t) ~ ^ ^ ^ !^I^i^(^ doOF J) . G(Foo ) n T)) 

as T — > oo by the assumption (I4.2j) . where i?ij,fc is the stabilizer of in G, 

I\j,fc = Hij^k(F) fl T and v^-i^ is the Tamagawa measure of 

Since there is #fc e G(F) such that zj^ = ' 5 fe ' one nas tne isomorphism 
between and the stabilizer ifjj of yj 1 -* over F given by the conjugation with g k . 

This implies that 

v&^FijAHidAFoo)) = ^(gkTg- 1 n H^iF^H^F^)) 

where 

v (iJ) i s 

the Tamagawa measure over Hi 7 . 
Since there is Sk & St(K) such that z^'^ = y^ 1 ■ st, one obtains 

vUHghTg^ 1 n ^ J (F)\i? lJ (F 00 )) 

=^\H hJ (F)\H h] (F)(H u (A F ) n g k St(X)g^)) 

• [] 4- 3) (H l AFv)ng k St(X(o F J)g^)- 1 

^^\H^(F)\H^{F)h k {H^(A F ) n Si(X))) 

• [] ^(^(F.Jn^xK)))- 1 



16 DASHENG WEI 1 '" AND FEI XIT 

where hu = gk ■ s^ 1 € Hij(Ap). Since G(Ap) = G(F)St(X.) by the strong approxi- 
mation property of G, we have 

\jH itj (F)h k (H id (A F ) n St(X)) - Hij^Ap) 

k 

by Proposition l2.12l Therefore 

1 ' j V A 0Op (r\G(F 0O )) 

j V<OOp 

as T — > oo, where r(Hij) is the Tamagawa number of -Hij- 
Since 

f P ]nWX(„ ! d„(yj°St(X( OF J)) rf u(a; ^t(X( OF J) 
(%(f " )nSt(Xfe))) - WW " \ v (St(X(o F J)) 

and -ffjj is an inner form of H, one concludes that r(Hi.j) = t(H) by (5.1.1) in [T4] 
and 

wnt7 , up- m ^ ^oo F (^-G(^oo)nx(F 00 ,r))n, <OOF ^(x I ^(X( OF j) 

1 ' J ~ A 00F (r\G(F 00 ))n i)<0CF A,(^(X( 0F J)) 

as T — >■ oo by Proposition 12.111 and Theorem 10.1 in 24 . 

By the strong approximation property for G and |15j and Proposition 2.10 (ii) in 
[1], one has 

AocCry?^)) J] A„(^(x( 0f j)) 

=A G (G(F)\G(F)Si(X)) = \ G (G(F)\G(A F )) = 1 
and $Pic{H) = #(Br(X) / 'Br(F)). Then 

iV(X,T)^tt(Br(X)/Br(F)) / d x 

^(n^oop X(o Ft ,)xX(i^„T))^PO 

as T — > oo by Proposition 12.91 1). The result follows from Lemma T4. II □ 

For general reductive groups, one has the similar result with some restriction. 

Theorem 4.4. Suppose G and H are connected reductive groups without non-trivial 
characters over F and X — H\G. If G' (Fao) is not compact for any non-trivial 
simple factor G' of the semi-simple part of G and the map G{F) A- X(F) in is 
surjective, then 

AT( X ,T)~l|^(£ J] A^(X,xJMco F (X(Foo,T)) 

X v<oo F 

as T — > oo under the assumption fr4-2\ l, where x runs over all characters in V3. 6]) and 
X is a separated scheme of finite type over op such that Xx„ f F = I. 

Proof. By Theorem 7.28 in 0, one has [G,X] = G(F)St(X). By Proposition ET51 and 
the assumption (|4.2|) . one has 

nrr-v rr\ ^ooj? \X\Foo, T)) , . 

" (x ' T) ~UW r(x,lA) 
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as T — > oo. Since 

Aoo F (r\G(Foo)) I] K(St(X(o F J)) = \ G (G(F)\[G 7 X}) = ^ 7 

one has 



as T — > oo by Corollary 13.81 and Lemma 13.21 □ 



5. Application to norm equations 

In this section, we will apply Theorem 14.41 to study the asymptotic formula of 
the number of integral solutions for the scheme X over o F whose generic fiber X = 
X x OF F is a trivial torsor of anisotropic torus. Let G be a torus and U be an open 
subgroup of G{A F ). A character 

g: G(A F )/G(F)U — C x (5.1) 
can be written as g = Y[ v en F Sf v where g Fv is induced by 

q Fv : G(F V ) -> G(A F )/G{F)U A C x 

for any v E fl F . Let X be a trivial torsor with a fixed rational point P <G X(F) and 
p : G — > X be a morphism induced by P. Then each g Fv also induces a continuous 
function g, u on X(F V ) by setting 

= gF v (p~ 1 (x v )) 

for any x„ € X(F V ) with u G Ojr. One can reformulate Theorem 14.41 in more flexible 
way. 

Lemma 5.2. Let G is an anisotropic torus and X is a trivial torsor of G. //X is 
a separated scheme of finite type over o F such that Xx OF F = I and U is an open 
subgroup of St(X), then 

Ar(X,r)~-i-^( J] A^(X,£j)AUX,T,£U 

as T — > oo , where t{G) is the Tamagawa number of G and 

N V (X,Q V ) = / g y d v 
JX.(of v ) 

for any v < oo F and 

N 00 (X,T,g 00 )= / goo d °OF 

JX{F ao ,T) 

for T>0 and g runs over all characters in \5.1\) . 
Proof. Decompose 

n m 

G(A F ) = (J ai G(F)St(X) and G(F)St(X) = (J bjG{F)U 

«=1 2=1 
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where we choose bj € St(X.) for 1 < j < to. Then 

n m „ 

v<oc F i=l j=l ■'Dij 

where 

D itj = (X(F 00 ,T)x l[ X(o F J)f|p(aAG(F)C/) 
for 1< i < ii and 1 < j < m. Since 6j G S'i(X), one has that 

d x = ■■ = d x 
DiA -In .. 

for 1 < i < n. If the restriction of g to G(F)St(X)/G(F)U is not trivial, then 

rn 

Therefore 

where \ runs over all characters in (|3.6[) and the result follows from Theorem 14. 41 □ 

In practice, one can use the idea in |34| and |35] to embed a torus to certain 
standard torus Yl x RBx/F^m) an d apply the results in [33] and [35] to get more 
computable formulae. We explain this point by considering the more concrete scheme 
X over of defined by 

N K / F (aiXi-\ Va n x n )=m (5.3) 

where K/F is a finite extension of degree n and a\, ■ ■ ■ ,a n G ok which are F- linear 
independent and m G op \ {0}. Then X — X x OF F is a torsor of the norm one torus 
G = i?^ F (G m ). Let 

where n v is the number of places of K above v. If X(oi?) ^ and > 0, then there 
exists a constant c > such that 

7V(X,T)~c(logT) n ~ 

as T — > oo by the proof of generalized Dirichlet Unit Theorem (see Theorem 5.12 of 
Chapter 5 in j22]). We will explain how to determine the above constant c explicitly. 

Let {(Ji, • • • , Cn} be the set of all embedding of K over F and A = det(ai(aj)) nxn . 

Lemma 5.4. Let 

n n 

u = ctjXj and (Ji(u) = (Ji{ctj)xj 

3 = 1 3 = 1 

for 1 < i < n. Then 

to = m _1 A _1 fTi (u) ■ do2{u) A dos(u) A • • • A da n (u) 
is an invariant differential form of X . 



COUNTING INTEGRAL POINTS IN CERTAIN HOMOGENEOUS SPACES 



Proof. Since 

_! da 2 {u) da n (u) 



= A" 1 • A • • • A 



0-2 (tt) CT n (u) ' 

one has that w is an invariant differential form of X x F K. 

Let Mj be the minor for entry <7i(aj) in (o~i(aj)) nxn - Then we have 

n 

da 2 (u) A ■ ■ • A da n (u) = Mjdxi A • • ■ A dajj A ■ • • A <fx n . 
3=1 

Since 

£^) =Q ^ J2^K /F (a t /u)-d Xl =Q, 

(Ji[U) . 

one obtains that 

n 

dxi = - Tr K / F (a 1 /uy 1 (^2Tr K / F (a i /u) ■ dXi). 

i=2 

Replacing dxi in (15.51) with (I5.6p . we have 
rfc2 (u) A • • • A dcr n (u) 

n 

= Tr K / F (ai/u)^ 1 {}^(—l) 1+J Mj Tr K / F (a 3 /u)) ■ dx 2 A • • • A dx n . 

3=1 

Since 

n n 

^(-l) 1 +^M i -(7 1 (a,-) = A and • a, (a,) = 

3=1 3=1 

for 2 < i < n, one obtains 



TrK/pi^/u)- 1 ^(-l) 1 ^^ Tr K/F ( aj /u) 



3=1 



= Tr A7F (a 1 / U )- 1 (^(-l) 1 +^"M J • ^(a,-))^^)" 1 



3=1 



+E(E(- 1 ) 1+iM J-- <r *(«i)) ff *(«)" x 

i=2 3=1 

:Tr^/ F (Q;i/ii) _1 cri (w) _1 A. 



Hence 



d<j2{u) A • • • A da n (u) = TrK/p{a.\/u) l o~i{u) 1 A • da;2 A • • • A rfa;„ 

and 

cj = to -1 Tr# / F (cti/u) ■ dx 2 A ■ • • A cfe n . 
This implies that w is a differential form of X . 

We will use this volume form u> to calculate d OOF (X(F OQl T)). 

Lemma 5.7. (1) Suppose v is a real place. 

If there are r > 1 real places and s complex places of K over v, then 

„r+s-l 

d v (X(F v ,Tj) ~ y~ 1 (27T)' _ [^(A)!- 1 • (logT)^- 1 

as T — > oo . 
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If all places over v are complex, then 



d v (x(F v ,T)) ~ (^y- 1 — -^\N K/F (A)\-' ■ (\ogry- 1 



as T — > oo with s = f • 



(%) Suppose v be a complex place. Then 

n-1 

rf„(X(^,T)) ~ (2nr- 1 j— T ^\N K/F (A)\- 1 ■ (logT)"" 1 



as T — > oo. 

Proof. We only prove the case that v be a real place and r > 0. The rest of cases 
follows from the exact the same arguments. Assume a\, ■ ■ ■ , oy are real embedding 
and ay+i, ay+i, ■ ■ ■ , o~r+s, &r+s are complex embedding. Let B = [—1, 1]™ C R". By 
changing coordinate Zi — Oi (u) for 1 < i < r + s with K" — > R r x C s , one has 

d v (X(F v ,T)) = [ \u\ = [ \w'\ 

JT-BnX(Fv) JT-B'nX(Fv) 

where 

w = ^/f(A) „ 1 1 — | A • • • A — A A A • • • A , A — -±- 

\z 2 \ \Z r \ \Z r+ l\ \z r+ i\ \z r+s \ \z r+s \ 

and B' is the image of B in W x C s under this change coordinate. 
For any 6 > 0, we define 

B(S) = {(xi, ■ ■ ■ ,x r ,x r+ i, ■ ■ ■ ,x r+s ) eB r xC s : \xi\ < 5 for all 1 < i < r + s}. 
Since there exist Si > <5 2 > such that B(5 2 ) C B' C B{8\) and 



/ |w'| <d v (X(F v ,T)) < f 

J B(T-6 2 )nX(Fv) JB{T-Si 



\uj 

)nx(F v ) 



one only needs to show that 

\u/\ ~ 2^(2ny T ^—\N K/F (A)\- 1 ■ (logT)^" 1 
iB{T-s)nx{F v ) {r + s-iy. 

as T — > oo for any d > 0. 

Since B(T ■ S) n X(i^) has 2 r ~ 1 connected components and the integral over each 
connected component is the same. Therefore 



/ 

J B 



2 r-l 



lB(T-5)nX(F v ) JB X}T 

where Bx,t is the connected component of B(T ■ 6) fl such that the first r-real 

coordinates are positive. 

By using the the polar coordinates 



for i = 1, • • • , r 
. — with < 9j 

one obtains that 



zj = e p j +i0 i with < 6j < 2-k for j = r + 1, • • • r + s, 



/ |o/| = |iV i ,/F(A)L- 1 (27r) s / (/\ dpi) A (/\ d(2p r+j )) 

J Bx,t JV{T) i=2 • ! 
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where; 

r s 

V(T) = {fa) e (-00, log(T • 6)} r+s : + £ 2 ^ = lo S H4- 

i=i j=i 

By substituting pj by p, logT for 1 < i < r + s, one has 

^ r s r s 

/ (A A (A < 2 ^)) ~ (log^) 5 ^" 1 / (A ^) A ( A wpr+i)) 

as T — > 00, where 

r s 

V = G (-00, : J> + E 2 Pr+i = °i 

i=i j=i 

r s 

= {{Ui) e (-00, 0] r+s : 51 Mj + E 2ttr +J = 
i=l J=l 

r s 

= {{u 2 , ■■■ , u r+s ) e (-00, 0] r+s_1 : X! Ui + E 2Ur +J - 

i=2 j=l 

with m = Pi — 1 for i = 1, • • • , r + s. Therefore 

/ (A d *) A (A d ( 2 *+i)) = n^-Vfr + a 1)! 

Jv i=2 j=l 

by the standard computation. The proof is complete. □ 
If F = Q and ai, • • • , a„ € arc linear independent over Q such that 

L = "Lai + • • • + Za n 

is an order of K, one can associate the narrow ring class field Hl corresponding to 
the order L with the Artin reciprocity isomorphism 

4>h l /k ■■ ^k/K*(K+ [] L;) ^ Ged(H L /K) (5.8) 

p<oc 

where if+ is the connected component of 1 inside K^, L p is the p-adic completion 
of L inside K p = K ®q Q p and L p is the unit group of L p for any prime p. 
Let 

G = i& /Q (G ro ) and G(Z P ) = {£ G L p x : N Kp/Qp (£) = 1} 
for any prime p. Set G(M) + to be the connected component of 1 inside 

G(R) = {xeK^: N Koo/R (x) = 1}. 
The homomorphism induced by the natural inclusion 

X K : G(Aq)/G(Q)(G(R)+ I] G ( Z p)) — >• V* x (#£ II L p) ( 5 - 9 ) 

p<oo p<oo 

is well-defined. Moreover, if x& € fcer(A^), then there are 

a e K x and y A e K + TJ L* 

p<oo 

such that xa — <^ • Va- Therefore 

Nx/qia- 1 ) = Nx/Qia^XA) = N K/Q (y A ) e Q n (K+ x J] Z p x ) = {1} 
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where R + is the set of positive reals. This implies that Xk is injective. 

Consider the Diophantine equation (|5.3I) X over Z. Then X(Z) 7^ if and only if 
there is 

p<oo 



such that 



where 



1pH L /K((s, <Xi%i,p)p<oo) = 1 



^ G iC p = K <E)q Q p 

i=l 



by Corollary 1.6 in 



Lemma 5.10. Let K/Q be a finite extension of degree n and X be the scheme defined 
by the norm equation 

N K /q(aiXi H h a n x n ) = m 

with ati, • • • ,a n G ok such that L — %a.\ + • • ■ + Za„ is an order of K and to G Z 
with to 7^ 0. If X = X Xz Q is 'a trivial torsor of G = R^/qi^m), then 

NpL,T)~ ^ Y, IT ^ P (X,0)7Voo(X,T,0) 

4> p primes 

as T — > 00, runs over all characters of Qq1{Hl/K) and 

h G = [G(Aq) : G(Q)(G(R)+ J] G ( Z p))1 mrf fc £ = I 1 * : # x (#£ II L p^ 

p<oo p<oo 

i/ie above notation and r(G) is the Tamagawa number of G and 



n lb 

N p (X, <f>)= \ (j>{%l) HL / K (Y. a i x i,v)) d p( x hp>--- > x n,p) 

•/X(Z P ) i=1 

/or primes p and 



00, • ' ' ,«„,«.) 

£/ie Artin map ^h l /k ot (ESp. 
Proof. Fix (ft, • • ■ , ?n) € -X"(Q)- One can apply Lemma I5T21 by using 

n n 

Qp( X l,p> • • ' J^n.p) = QF V ((Y a i X hp)(Y 

i=l i=l 

for any • • • , x„ ;P ) G X(Q p ) with all primes p < 00. 

Since the natural inclusion A/f in (|5.9[) is injective, one concludes that 

JV(X,T)~ ^ ^ J] tf p (X, 0)^ (X,T,0) 

C5 £><00 

as T -> 00, where runs over all characters of Qal{Hi,/ K) by the Artin reciprocity 
law (UTS}. □ 
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We further specialize to the case that K/Q is a real quadratic extension with the 
discriminant D and L = Zai + TLa^ is the maximal order ok of K . Let P(D) be the 
set of all prime divisors of D and 

m = (-iy P i 1 ---P e / II 

q,eP(D) 

where pi, - ■ ■ ,Pf are the distinct primes and prime to D. Let 

Qi = {Pi ■■ (-) = l with l < i < /} 

Pi 

and 

Q 2 - {Pi : (-) - -1 with 1 < z < /}. 

Pi 

Since Ga^if/Q) acts on the two real places transitively, one real place is ramified 
in Hl/K if and only if the other real place is ramified in Hl/K. Since the global 
element — 1 in K gives identity in G&\(Hl/K) via the Artin map, one obtains that the 
complex conjugations over these two real places are the same by using the product of 
the local Artin maps when a real place v of K is ramified in H^/K. Let cr_i be the 
complex conjugation if a real place of K is ramified in Hl/K; otherwise <7_i is the 
identity in Gsl{H L /K). 

If Pi G Qi, then pi splits into two primes pi and p2 in K. Since the global element 
Pi gives identity in G&\{Hl/K) via the Artin map, one obtains that the Frobenius 
of pi and the Frobenius of p2 are inverse to each other in G&^Hl/K) by using the 
product of the local Artin maps. Let a Pi be the Frobenius of pi in G&\(Hl/K). Then 
the Frobenius of p2 in Gal(7?i/if) is cr" 1 . Define 



(1 - <P(cr Pi ) 2ei+2 )(<t>{(T Pi ) e * - cj ) (cT p ^+ 2 )- 1 otherwise. 



for any character 4> of Gdl(H l / K) . Then S Pi ((j)) is independent of the choice of the 
place pi of K. 

If pi € Q2, then pi is inert in K. Then the Frobenius a Pi of pi satisfies 

Pi =tpH L /K, Pi (Pi) = II ^H L IK.v(PiY X 

by the reciprocity law. Since Hl/K is unramified at all finite places, we have 
u Pi = II ^Hl/kAPiY 1 ■ II ^H L /K.v(Pi)^ 1 = 1 • 1 = 1- 

v\oo v<co,v^pi 

If Pi G P(D), the Frobenius of the unique place of K over pi in G&\(Hl/ K) is 
denoted by a Pi . 

Proposition 5.11. Suppose K/Q is a real quadratic extension and L = 7Lol\ + Zct2 
is the maximal order ok of K . With the above notation, we define 



C m = ^4>{o- S gn(m)) ■ \\ H°~P,) U - Yi 

4> Pi£P(D) p»GQi 

where <j) runs over all characters of G&\(Hl/K) and 

J cr_i if m < 
fTs9 " (m) = il z/m>0. 
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Then the norm equation 

N K/Q (aix + a 2 y) = m 

is solvable over Z if and only if this equation is solvable over 1 p for all primes p < oo 
and c m ^ 0. Moreover 

iv(x,r)^.^ 

h+VD loge 

as T — ¥ oo, where e is the unique minimal unit of ok such that e > 1 and Nj^/qie) = 1 
and 

h + K = [I K :K*{K+ H *J] 

V<CO K 

with the connected component of 1 in is the narrow class number of K . 
Proof. Let X be the scheme over Z defined by the above norm equation. Since 

n x ( z p) * < 

p<oo 

one gets that X = X Q is a trivial torsor of G = i?] f yQ(G m ). In order to apply 
Lemma 15.101 one needs to compute the integrals in each term. 
If (p,m) — 1, then ipH L /K takes the trivial value over X(Z p ) and 



N p (X,(f>) = / dp= d p 

JX(Z P ) JG(Z P ) 

for all character <f> of G&\(Hl/K). 
If pi € P(D), then 

^H L /K(aix Pt + a 2 y Pi ) = o p \ 
for all (x Pi ,y Pi ) € X(Z Pi ). Therefore 



N Pi (X,<l>) =(t>{(7 Pi ) ti / d Pt 

for all character <j> of Gb1{Hl/K). 

It Pi £ Qi, then p splits into two places pi and p 2 in K/Q. Let (T Pi be the Frobenius 
of H L /K at pi. Therefore 

ai-a-^)d Pi 



i=0 J ziz 2 =m,v Pi (z 1 )=i 



JV tt (X,0) = E / 

i=0 

=5>( CT «) 2 ^ / d Pi = S Pi (<t>) [ d Pi 

for all character <j> of G&\(Hl/K). 

If p = oo and a real place over oo is ramified in H^j ' K, then 



^-Hl/k (ai^oo + "22/00) = ^ 1 
over such a real place. Therefore 
N <X (X, T, ef>) = j 
for all character cf> of G&\(H t, / K) 



a -1 when + ct 2 y 00 < 

otherwise 



<j)(a-i)d 00 (X(M., T)) ifm<0 
doo(X(M, T)) ifm>0 
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Let 

ha = [G(Aq) : G(Q)(G(K) + J] G(Z P ))] 

p<oo 

where G(R) + is the connected component of 1. Then 

r(G) = ftc J! / d P ' / 

p<00 ,7g(z p ) Jg 

where t(G) is the Tamagawa number of G and 

G(Z) - G(Q) n (G(R)+ J] G(Zp)). 

p<00 

By using the invariant differential in Lemma 15.41 one obtains that 

2 

doo = — 7= log € 

G(Z)\G(R) V L> 

where e is the unique minimal unit of ok satisfying with e > 1 and Nk/q(c) = 1- By 
Lemma 15.71 we have 

d 00 (X(R,T))~ 1 -logT 

as T — ► oo. The result follows from combining the above computation and Lemma 
15.101 and Proposition 13.31 □ 

By Proposition [nHU the negative Pell equation 

x 2 - 5y 2 = -1 

where 5 is a square-free positive integer with 5^1 mod 4 is solvable over Z if and 
only if er_i is trivial in Q&\(Hl/K), which is equivalent to that the narrow class 
number Yi^ of K is equal to the the class number Hk of K . This is the well-known 
classical result. In this case, one has 

N(X ,T) ~ S-ip?- 
loge 

as T — > oo by Proposition ^ . 1 ll where e = xq +yoVS with the integral solution (xo, yo) 
of x 2 — Sy 2 = 1 such that e > 1 and e is minimal. 

Now we provide a more explicit example. For any integer m, one can write 

to = (-l) s °2 Sl 17 52 pi ei • • -p/ 9 and IL(m) = {p u ■ ■ ■ ,p g }. 

Decompose II(to) into the disjoint union of the following subsets 

2 17 34 
n 1 = {pe n(m) : (-) = ( — ) = -1} and Ii 2 = {p e U(m) : (— ) = -1} 
P P P 

n 3 = {p G n(m) : (-) = {-) = ! and ( ~ 7 + 4 ^ ) = i} 
P P P 

n 4 = {p G n(m) : (-) = (-) = 1 and ( ~ 7 + 4 ^ ) = 
P P P 



Let 



mi = (-I) 50 II Pi 



Example 5.12. Wit/i £/ie above notation, the equation x — 34y = m is solvable over 

'34 
* Pi 



Z i/ and on/?/ «/toi = ±1 mod 8, (^jy) = 1, ( — ) = 1 /or odd ej and 



2<i 
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(1) there is an odd e; for some pi 6 Hi. In this case 

n{ x,t)~^= TT (i + ei ) logT = 

2 ^4 p4e nli)\n 2 log(35 + 6 y34) 

as T — > oo. 

fSJ III 7^ owd all ej are even for pi G III. In iftis case 



JV(X,T) ^= TT (1 + ei) l0gT = 

2V34„.J„ i in ; log(35 + 6V34 

as T — > oo, where 



PiGn 3 un 4 



log(35 + 6V34) 



r = (_l)'o+« a +4E, <6 n 1 «i+E„ e n 4 «H + Y[ (1 + ei). 

p I en 1 

f<J) III = find X)p en 4 e * = s o + s 2 mod 2. In this case 

log(35 + 6V34) 

as T — > oo. 

Proof. The narrow Hilbert class field Hi, of K — Q(v34) is given by 



H L = K{\f -7 + 4V2) with G&\(H L /K) = fH = {±l,±i}. 
By the notation in Proposition 15 . 1 Jl we have 

h if pe {2}un 2 un 3 

a v =\-l if p = {-l,17}un 4 

I ±i if p e III 



and e = 35 + 6y34. Let </> be the generator of the character group of Gal (-Hz, /if). 
If ip = 1 or </> 2 , then 

5 p (<p) = (1 + ei)^(CTpJ ei 

for pi e ni u n 3 u n 4 . 

If ip = <f> or (f> 3 , then 

U(i- + (-i)-) ifp^eni 
p ((i + e,)^) 6 ' ifp 4 en 3 un 4 . 

Therefore 

Cm =^0(a_i) Tl <P(a P T IT 

* p,eP(34) Pien(m)\n 2 

= II + IT (-l)«(l + ei). II (l + ei ) 

Pien(m)\n 2 p;erii p;en 3 un 4 

+ 2(_l)«°+« -Q l (i e I+( _ ir) . JJ (l + e ,) . IT (-l) e '(l + ei ). 
Pierii Pisn 3 Pien 4 

Since (yy) = 1 by the local solvability condition, one has 

IT (-i)« = i. 

Pieni 
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If there is an odd e\ for some pi € IL±, then 

C ro = 2 Y[ (1 + e;). 
P i6n(m)\n 2 

If all ei are even for all pi g III or ITi = 0, then 

c m = 2 J] (l + e4 ) + 2(-l) S0+S2 + ^ P! ^ 1 e * + ^^4 e - H (l + ei ). 
PiGn(m)\n 2 Pien 3 un 4 

The result follows from Proposition 15.111 and Example 5.5 in [34]. □ 

Comparing this example with Example 5.5 in |34j . one can find that both conditions 
for existence the integral points look slight different. This is because the X-admissible 
subgroups in 34, Theorem 1.10 ] are not unique. In other word, the finite subgroups 
of Br(X) for testing the existence of the integral points are not unique. 



6. Examples for semi-simple groups 



As application, we will explain that the asymptotic formula of the number of inte- 
gral solutions in Theorem 1.1 of [Bj is the same as the Hardy-Littlewood expectation 
in sense of [3] although the Brauer-Manin obstruction is not trivial in general. 

Example 6.1. Let p(X) be an irreducible monic polynomial of degree n > 2 over Z 
and X be the scheme over Z defined by the following equations with variables x%j for 
1 < i,j <n 

det(XI n - (x it j)) = p(X) 

and J = Xxj;0. Then 



JV(X,T)~(J] / dp) - / d 

p<oc 7x(Z p ) JX(K,T) 



as T 



oo. 



Proof. Since both SL n and GL n act on X by x o g = gxg 1 , one has that X is the 
homogeneous space of SL n and GL n with a rational point 



/ • 
10- 



a n \ 



\ 



1 -Oi / 



where p(A) = A™ + aiA" -1 + • • • + oq. Moreover, the stabilizers of v inside SL n and 
GL n are S = R^-^Gm) and iJ/f/(j(G m ) respectively, where K = Q(6) and 9 is a 
root of p(A). Then we have the following commutative diagram 

1 > S > SL n > X > 1 



-> R K , 



->■ GL n 



■+ X 



■+ 1 



For any field extension fc/Q, one obtains the following commutative diagram 
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-> S(k) 



I 

-> Gi„(fc) 

ciei 

= fc x 



(6.2) 



1 ► (fc®Q^) X - 

1 ► fc x 

fr^fc.s) i 

by Galois cohomology, Shapiro's Lemma and Hilbcrt 90. 

For any a; G X(k), there is a 5 € GL n (k) such that gvg^ 1 = x by the second line 
of the above diagram. Let y e i?R-/Q(G m )(fc) such that N K /q{y) — det(g). Then 
€ SL n (k) and 

(ss/^MssT 1 ) -1 = g(y~ 1 vy)g~ 1 = = z 

and 

*!(«) = <T{y- 1 9){y- 1 g)- 1 - ^y-^a^g^y = a^y = 6 2 (dct(g)- 1 ). 
Therefore 

5i : — > H\k,S) £* k x /N K/k ((K® q k) x ] 

x 1 ^ det(g)- 1 ■ N K/k ((K ®q fc) x ) 

Let X be the Galois closure of tf/Q, A = Gal(L/Q) and T = Gal^/if). Write 
5 = Hom(S, G m ) be the character group of 5. Then one has the short exact sequence 
of A-module 

— > Z — > Ind^{Z) -^S^O 
which gives the long exact sequence 

-> H\A,Ind$(Z)) -> H\A,S) -> H 2 {A,Z) -> H 2 (A,Ind$(Z)) 

where 

H\A,Ind^(Z)) = # 1 (T,Z) =0 

and 

H 2 (A,Z) = H l {A^/Z) = Hom{A,i 

and 

H 2 (A,Ind^{Z)) = H 2 {T,Z) = H\T,Q/Z) = Hom(T,( 
by Shapiro's Lemma. Since 

-> fT^A.g) ^4 H\Q,S) ^ H\L,S) 

and 

ff^L, 5) = ffom(Gal(Q/L), S) = 
where Q is an algebraic closure of Q, one concludes that 

Pic(S*) = ff^Q, 5) = ff^A, S) = ker(A -> T) 
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by Theorem of §4.3 of Chapter 2 in [30], where 

A = Hom(A, Q/Z) and f = Hom(T, Q/Z). 

By Proposition 2.10 of 0J, one only needs to consider that Pic(S) is not trivial. For 
any % G ker(A — > T) with \ 7^ 1) one gets a non-trivial abelian extension A/Q inside 
L/Q such that ker(x) = Gal(L/A). By Minkowski's Theorem (see (2.17) of Chapter 
III in [H]), there is a prime p such that p is ramihed in A/Q. By (1.7) Proposition 
of Chapter V and (5.6) Proposition of Chapter VI in [18], there is an idele (ui)i of Q 
defined by = 1 for I ^ p and u p G Z* for / = p such that 

x(iPa/q((ui)i)) ^ 1 

where V'a/q is the Artin map. 

Let £ G Br(X) be the image of x under the map 

<W S (SL„) : P»c(5) -> Br{X) 

defined in P.314 of [3]. By Proposition 2.10 in 4, one has that £ is not trivial in 
Br(X)/ Br(Q). Applying the change of variables on X(Q p ) by using the diagonal 
matrix diaglu^ 1 , 1, • • • ,1) 

(x it j) i ^ diagiu' 1 , 1, • ■ • , 1) ■ (a^-) • diag(u p , 1, ■ • • ,1) 

which leaves X(Z p ) stable, one obtains that 



£d p = x(^a/q((ui)i)) £d p 
x(z p ) Jx(z p ) 



by (|6.2p and the diagram (3.1) in [3]. Therefore 

/ ^ = o 



C(Z P ) 

and the result follows from Theorem 14.31 and Proposition 2.10 (ii) in 0]. □ 

We will answer a question raised by Borovoi how to compute the ratio of the 
number of the integral solutions with the Hardy-Littlewood expectation for Example 
6.3 in [3]. 

Example 6.3. Let a G Z with a ^ and X a be a scheme over Z defined by the 
equation 

c?et(xi.j) nx „ = a im'f/i Xij = rc^j /or a/Z 1 < i,j < n 
wif/j X a = X a Xz Q and n > 3. Define 

c„(a) = hm — t> j- — ~ — . 

T^oo m p<oc Jx a (Z p ) d P<> ' JX a (R,T) d °° 

Then 

/ \ , , tt /x a (Z„)' i .. Jx a (R,T) ^ 

c n (a) = 1 + || —7 — 2 — j • lim —7^ ^— — 

p| 2a JX a (Z p ) rf P T_i ' 00 JX a (R,T) d °° 

where h : X(Q p ) — >• {±1} is the Hasse-Witt symbol function defined in P. 167 of |20j. 
In particular 

J 1 if a > and n = 2 mod 4 
c„(a) = < . 

I 2 if a = 1 and n = 3 . 
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Proof. Since SL n acts on X a by x o g = g'xg where g' is the transpose of g, one has 
that X a is the homogeneous space of SL n with a rational point of diagonal matrix 
v = diag(a 1 1, • • • , 1) G X a (Q) and the stabilizer of v is the special orthogonal group 
SO(v) defined by diag(a, 1, • • • ,1). Moreover, one gets that 

Pic(SO(v)) S Z/(2) 

by Proposition 2.5 and 2.6 in [3]. The non-trivial element E of Pic(SO(v)) gives the 
central extension of SO(v) by G m satisfying the following diagram 

1 ► fi 2 > Spin ► SO(v) > 1 

id 

1 ► G m > E ► SO(v) > 1 

because Spin is almost simple. Applying the Galois cohomology, one has 



(6.4) 



H l (k,SO(v)) ► Br(fc) 

for any field extension fc/Q, where ft' is the Hasse-Witt invariant by (31.41) in [15] . 
By Proposition 2.10 in [4 , one has that 8t or s{SL n )(E) is the non-trivial element £ 
of Br(X a )/Br(Q). Moreover, the evaluation of £ over X a {k) is equal to the Hasse- 
Witt invariant of the corresponding torsor by Proposition 2.9 in [3] and the above 
commutative diagram (16.4[) . By the commutative diagram (3.1) in [4] and Theorem 
and the Hilbert reciprocity law (see Chapter VII in [20]), one concludes that 

(rip<oo Jx a (Z p ) ^ ^p) ,. /x,(I,T) ^ 

c„(a) = H — — ^ — - — — — • hm 



(Ilpoo /x a (Z p ) ^») T ^°° Jx a (R,T)^°° 

where ft : A a (Q p ) — !> {if} is the Hasse-Witt symbol function. If p j 2a, then 
ft(x) = 1 by 92:1 in [5D] and the first part of the result follows. 

There are only finitely many orbits of SL n (M) inside X (R) classified by the sig- 
natures. Among these orbits, the most significant orbits 1 + (R) and Y_(M) are given 
by the exact sequence 

1 — > SO± — > SL n (R) ^ F±(M) — > 1 

where SO± are the special orthogonal groups defined by ±J„ respectively. Both 50± 
are the compact subgroups of SL n (M). The rest orbits Fj are given by 

1 — ► SO, — > SL n (R) Yi{m) — > 1 

where SOi are the special orthogonal groups defined by the rest of representatives of 
the orbits of SL n (M) whose signatures are different from those of ±J n . Then such 
SOi's are not compact. Since 

W(i ± 1 (X a (M,T)nF ± (M))) 



and 



where 



.,T)ny ±(R) °° yo/(^ ± 1 (x a (R,T)nr ± (R))n^o ± ) 

W(i- 1 (X 1 (M,T)nK 1 ( 



;R,T)ny.(R) Vol(n^ L (X a {R,T) n F(R)) fl 50<) 

hm y /(7r± 1 (X a (R,T) n F±(R)) n SO±) = Vol(SO±) < oo 

T — ¥oo 
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and 



lim Vol(7r i _1 (X (R,T) fl Yi(M)) D SOi) = oo, 



one concludes that 



lim 

T ^°° Jx. 



= < 



.,T) 



if a > and n : 
if a < and n : 
if a < and n \ 
if a > and n : 
if a > and n : 



1 mod 2 

3 mod 4 

1 mod 4 
mod 4 

2 mod 4 



by computation of Hasse-Witt invariant over 
For a = 1 and ri = 3, one has 



c 3 (l) = 1 + 



Jxi 



(Z 2 ) 



By 93:18 (iv) in [2D] 
the representatives 

£-i = 



there are two orbits of Xi(Z2) under the action of SL3CL2) with 







-1 



and Li = 



-1 

where h(L-i) = —1 and h(L\) = 1. Therefore 

Vo?(5L 3 (Z 2 )) ^o/(5i 3 (Z 2 )) 




and 



Vol(50(L x )) Voi(SO(L_i)) 

, FoZ(5£ 3 (Z2)) , Vol(SL 3 (Z 2 )) 

a.i — 



Vol(SO{L x )) Vol{SO(L^))' 
By Lemma 1.8.1 in [3J, one has 

/8a(Li,Li) = FoZ(SO(Z x )) and fa{L_ x ,L-i) = Vol{SO{L^)) 

where ^2(^1,-^1) and ^(L-i, £-1) are local densities in sense of §5.6 of Chapter 5 
[IT] . Since 

_ 1 + 2- 1 

by Theorem 5.6.3 in []T], one has 



1 - 2" 



= 3 



c 3 (l) = 1 



1 - 
1 + 



□ 
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